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Introduction 

The theory of rationally connected varieties is quite recent and was formalized in ifTOl . 
Il36l and Il35l . although these varieties were intensively studied from different points of 
view by classical algebraic geometers, see for example |fT9l . 1591 . 1561 . l6l, Q, l42l . 

An important result in this theory, see l35l Theorem IV.3.9], asserts that through n gen- 
eral points of a smooth rationally connected complex variety X there passes an irreducible 
rational curve, which can be taken also to be smooth as soon as dim(X) > 3. From this 
one deduces that for dim{X) > 3 a fixed smooth curve of arbitrary genus can be embed- 
ded into X in such a way that it passes through n arbitrary fixed general points. When a 
(rationally connected) variety X is embedded in some projective space (or more gen- 
erally when a polarization or an arbitrary Cartier divisor is fixed on X), one can consider 
the property of being generically n-(rationally) connected by (rational) curves of a fixed 
degree S. 

This stronger condition depends on the embedding, on the number n > 2, on the degree 
i5 > 1 and natural constraints for the existence of such varieties immediately appear. 

In this paper we shall study complex irreducible projective varieties X = X{r + 
l,n,6) C of dimension dim(X) = r + 1 such that through n > 2 general points 
there passes an irreducible curve C of degree S > 1 or more generally pairs {X, D) 
with D a Cartier divisor on a proper irreducible complex variety X which is n-covered 
by irreducible curves C such that {D ■ C) ^ 5 > n — 1. It is well known that a 
X[r + 1,2,1) C P^ is necessarily a P''+i linearly embedded in P^ and that a non- 
degenerate X{r + 1,71., n — 1) C P"+''~i is a variety of minimal degree n — 1. The 
smooth X{r + 1, 2, 2)'s were recently classified in lf33l (see also l48l for a generalization 
to the polarized case). Without some reasonable restrictions the classification of varieties 
X(r + 1, n, (5) C P^ becomes immediately extremely difficult and out of reach, especially 
for singular varieties. 

Recently (see ll63l . ISTl and also ||491I ). it has been realized that the study of these 
varieties is also closely related to an important question in web geometry, namely the 
algebraization of webs of maximal rank. In order to solve this problem of web geometry, 
it was proved in ll52l that the dimension of the linear span of such varieties satisfies the 
inequahty 

(0.1) dim((X(r + l,n,(5))) < 7f(r,n,(5)- 1, 

see Section 1. Here 7f(r, n, 5) = 7r(r, n, d) with d ^ 5 + r{n — 1) + 2 where 7r(r, n, d) 
stands for the Castelnuovo-Harris bound function for the geometric genus of nondegenerate 
irreducible r-dimensional projective varieties Y C P"+''~i of degree d, see 1301 also 
Section l4~2l for some details and definitions. The bound ( 10. Il l is proved geometrically via 
the iteration of projections from general osculating spaces to A'(r + 1, (5) determined by 
the irreducible curves of degree 5 which n-cover the variety. This is a classical tool used 
also by del Pezzo, Enriques and Castelnuovo to bound the dimension of linear systems 
on surfaces, see ITTI . lT2l . Il22l . ||T61 Section 7] and l52l . The above bound also reveals 
a connection with Castelnuovo theory of linear systems on curves and with the so called 
Castelnuovo varieties, see l30l and lT4l . From this point of view, non-degenerate varieties 
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X = X{r + 1, n, 5) C p^('-^".'5)-i, denoted from now on by X = X{r + 1, n, S), are the 
extremal ones and they are subject to very strong restrictions - e. g. they are rational and 
through 71 general points there passes a unique rational normal curve of degree 6, see ll52l 
and Theorem 122] and Theorem l2.4l below. Due to these numerous geometrical properties, 
it is possible in many cases to obtain a complete classification, see for example Il52l or 
Theorem l2.2l Theorem l5.7l . Corollarv l5.9| and Corollarv l5.12l below in this paper. 

Some basic results of 1521 are generalized here in Theorem 123] One proves the bound 
hP{Ox{D)) < Tf{r,n,6) for a Cartier divisor D on a proper irreducible variety X of 
dimension r + 1, n-coveredby irreducible curves C such that {D ■ C) = 6 > n — 1. We 
also show that equality holds if and only if maps X birationally onto aX{r + l,n,6). 
Furthermore, if h^{Ox{D)) ~ Tf{r,n,5) then X is rational and through n > 2 general 
points there passes a unique smooth rational curve C such that [D ■ C) ^ 6. 

Another consequence of the previous bound is that under the same hypothesis we have 
^ 5'^+'^ l{n — 1)'' if D is nef, see Theorem 13. II This is a generalization of a result 
usually attributed to Fano in the case n = 2, see for example 135] Proposition V.2.9]. 

The classical roots of this type of results go back to C. Segre, 1591 . who proved that 
dim((X(2, 2, 2))) < 5 and that X(2, 2, 2) C P'^ is projectively equivalent to the Veronese 
surface. Bompiani generalized this result in l6l to dim((X(r + 1, 2, 5))) < — 1 

with equality holding if and only if X{r + 1,2,5) is projectively equivalent to the S- 
Veronese embedding of P'"+^, see Theorem l2.2l here and also ll32l and ll64l . 

A lot of examples of X{r + l,n,S) (for arbitrary n > 2, r > 1 and 6 > n — 1) have 
been described in ||52l via the theory of Castelnuovo varieties and their construction will 
be briefly recalled in Section |4!2] The main result of ll52l ensures that these examples of 
Castelnuovo type are the only ones except possibly when n > 2, r > 1 and S ^ 2n ~ 3. 

Here we consider in detail the last open case, that is the classification of varieties 
X{r + l,7i,2n — 3), especially for n = 3. We immediately point out that there are 
examples of X{r + 1, n, 2n — 3) of dimension at least 3 that are not of Castelnuovo type. 
For n = 3 these varieties share very special structures being related to the theory of cubic 
Jordan algebras, see Section 143] Indeed interesting examples of X(r + 1, 3, 3) C P^^'+s 
are the so called twisted cubics over complex Jordan algebras of rank 3, see I46II . There 
is an infinite family of such varieties: the Segre embeddings x Q'^ C p2''+3, where 
Qr ^ pr+i jg irreducible hyperquadric, and also four smooth exceptional examples 
associated to the four simple cubic Jordan algebras (these four varieties are also known 
as Lagrangian Grassmannians) and other examples constructed by considering cubic Jor- 
dan algebras naturally arising from associative algebras, see Section |43] For an arbitrary 
+ 3, 3) C p2''+3 we consider the birational projection onto P' +i from a general tan- 
gent space. By studying the geometry of this birational map we are able to give an explicit 
parametrization of these varieties and also to associate to them a quadro-quadric Cremona 
transformation from the projectivization of a general affine tangent space onto a hyperplane 
in P''+^, see Theorem l5.2l From this unexpected connection we deduce the classification 
of arbitrary X(r+1, 3, 3) for r < 3 (even if our method actually works alsoforr = 4orfor 
bigger values of r), see Corollarv l5.9l and Corollarv l5.12l As a consequence we also prove 
that the base locus of a quadro-quadric Cremona transformation and the base locus of its 
inverse are projectively equivalent so that essentially these transformations are involutions, 
Corollarv l5.3l a fact which seems to have been overlooked as far as we know. Moreover in 
Theorem l5.7l we provide the classification of all smooth X{r + 1, 3, 3), showing that they 
are either smooth rational normal scrolls (hence of Castelnuovo type) or the Segre embed- 
dings of P^ X Q"^ or one of the four Lagrangian Grassmannians. Our approach yields also 
a geometrical direct proof of the classification of all cubic Jordan algebras whose associ- 
ated variety is smooth, showing that they are either simple (Lagrangian Grassmannian) or 
semi-simple (P^ x Q"^ with Q"^ smooth). 
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The paper is organized as follows. In Section [T] we introduce some definitions and 
explain the notation. We also recall the main steps for the proof of the bound dO.ll ). In 
Section |2l a modern version of Bompiani's theorem |f6l is proved. Theorem 12.21 Then, 
inductively via osculating projections and the study of the rational map (t>\£i\ we prove in 
Theorem 12.41 the bound on the dimension of linear systems of Cartier divisors described 
above and the consequences of the maximality of this dimension. In Section [3] we deduce 
from the bound on the dimension of the linear span a general bound for the degree of nef 
divisors on varieties ri-covered by irreducible curves. In Section ID after describing the 
X(r + 1, n, (5) of Castelnuovo type in Section l4~2l we construct new examples of X{r + 
1, n, (5) when r > 1, n > 2 and 5 = 2n — 3. In particular we describe in detail examples 
of X(r + 1, 3, 3) of Jordan type in Section |43] In Section |431 we present some examples 
of X(3, n, 2n — 3) which are not of Castelnuovo type for n = 4, 5, 6. Section |5] concerns 
the classification of several classes of X{r + 1,3,3) under different assumptions either 
on r, Corollarv l5.9l and Corollarv l5.12l or on the smoothness of the variety, Theorem l5.7l 
We also discuss some open problems pointing towards the equivalence of these apparently 
unrelated objects: varieties X{r + 1, 3, 3), quadro-quadric Cremona transformations of P'' 
and complex Jordan algebras of rank three. 

Acknowledgements. Both authors are grateful to Ciro Ciliberto for some discussions 
at different stages of the preparation of the paper and for a lot of suggestions leading to 
an improvement of the exposition. The first author has considered the problem studied 
here when developing a research in common with Jean-Marie Trepreau. He learned a lot 
from the numerous discussions with him on this subject during last years. The second 
author expresses his gratitude to Paltin lonescu for a direct or indirect but undoubtedly rich 
intellectual exchange of ideas and points of view on some contents of the paper, for his 
interest in the results and for a lot of remarks which improved the presentation. 

1. Preliminaries and notation 

We shall consider irreducible varieties X which are projective, or proper, over the com- 
plex field C. 

We will use the following notation: r, n and 6 are positive integers such that n — 1 < 6. 
Then one defines p = [;;7^J and e = (5 — p{n — 1) e {0, . . . ,n — 2}. One also defines 
m = e + 1 > and m' = n — 1 — m > so that 77i + m' = n — 1. Finally, for any integer 
k, one sets fc+ = max{0, k}. 

For classification results there is no restriction in supposing that an irreducible variety 
X C is non-degenerate. Otherwise {X) C P^ will denote the linear span of X in 
P^, that is the smallest linear subspace of P^ containing X. For computational reasons, 
when dealing with classification results, we shall define r such that dim{X) = r + 1 . 

Let X be a smooth point of X. For any € S N, we denote by Osc^^{x) C P^ the 
Ith-order osculation space of X at x. If "0 : (C^^, 0) — > (X, x), u i~> ijj{u) is a regular 
local parametrization of X at x, then Osc^xi^) be defined as the projective subspace 
(9l"IV'(0)/9u" I a e W+\ \a\ < t) C P^. This space can also be defined more ab- 
stractly as the linear subspace spanned by the £-th order infinitesimal neighborhood of X 
at x and also generalized to the case of arbitrary Cartier divisors on X. Indeed, for ev- 
ery integer £ g N, let Vx [D] denote the ^-th principal part bundle (or £-th jet bundle) of 
Ox{D). For every linear subspace V C H'^[X,Ox{D)) we have a natural homomor- 
phism of sheaves 

(1.1) cj,' -.V^Ox^VxiD). 

sending a section s G V to its £-th jet 0^, (s) evaluated at x e X, that is c/)^ (s) is represented 
in local coordinates by the Taylor expansion of s at x, truncated after the order I. Taking 
a smooth point a; £ X C P^ = ^{V) (Grothendieck's notation) and Ox{D) = 
it is easily verified that Osc^(x) = P(Im((/)^)). If x G X is a smooth point, the previous 
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definitions yield dim (Osc^(x)) < rk(7'^) — 1 = ('^^^'^) — 1 and in general it is expected 

that equality holds at general points of X C as soon as > ('^^^^^) — 1. In this case, 
we shall say that the osculation of order £ of X at x is regular. 

A curve C C is a rational normal curve of degree 5 if it is rational, smooth, of 
degree 5 and its Unear span in P^ has dimension 5. In other terms: the restriction of 
|OpN (1)1 to C is the complete linear system of degree 5 on C ~ P^. 

Let us define the following Castelnuovo-Harris function which bounds the geometric 
genus of irreducible projective varieties, see Theorem l4.2l below: 

(1.2) ^(r,n,d)-^ ('^ + ''"^Vd-(a + r)(n-l)-l)^. 

<T>0 V ^ / 

We will also use the following function that is closely related to 7r(r, n, d): 

(1.3) Tf{r, n, ^) := m + m' (^^ ^ ^) , 

for 5 >n — 1 fixed with p = , m = 5 — p {n — 1) + I and to' = n — 1 — m. 

It is not difficult to prove that 7f(r, n, 6) = 7r(r, n, d), see 1521 for details. 

An irreducible projective variety X C P^ of dimension r + 1 that is n-covered by a 
family of irreducible curves of degree S will be denoted hy X{r + l,n,d) C P^. In most 
of the cases we shall also assume that X{r + l,n,S) C P^ is non-degenerate. 

For reader's convenience we reproduce here some basic results of ll52l on varieties 
X = X{r + l,n, 6) C P^. For an irreducible curve C C P^ of degree 6, for non- 
negative integers ai, . . . , a^, with k > fixed and such that + 1) > 5 + 1 and 
for xi, . . . ,Xk G C pairwise distinct smooth points, one has: 

(1.4) (C) =(Os4'(x,)| i = 

(otherwise there would exist a hyperplane H C (C) containing {Osc'^ {xi) | i = 1, . . . , k) 
and S = dcg(C) = dcg{H DC) > i^i + 1)' contrary to our assumption). 

Let X = X{r + 1, n, 5) C P^ and let S be a fixed n-covering family of irreducible 
curves of degree 5 on X. If xi , . . . , Xn-i are distinct general points on X one can consider 
the subfamily '^xi....,xr^^i — {C G S | S C for i ~ 1, ... ,n — 1}. Since S is n- 
covering, the family '^xi,....x„-i covers X and we can also assume that the general curve 
in this family is non-singular at xi, . . . , Xn-i- Let {ai, . . . , a„_i} be a set of n — 1 non- 
negative integers such that X]r=i (^i + 1) ^ ^ + 1- By ( ll-4b and since Osdl^{xi) C 
Osc'^ (xi) for every i ~ 1, . . . , — 1, it comes that (C) C {Osc'^ (xi) \ i — 1, . . . ,n — 1) 
for a general C S 'Sxi....,x„-i- Since the elements of Ea;^.... a;„_^ cover X, one obtains 

(1.5) (X) = (0sc^(x,)h=l,...,7i-l). 

Therefore for these varieties we deduce that dim((X)) + 1 < J27=i Ct+Y")- Taking 
ai = • • • = Qm = P and Qm+i = • • • = a„_i = p — 1 and recalling dl.Sl l. we obtain the 
following result for arbitrary X = X{r + l,n,5), see Il52ll : 

(1.6) dim((X)) < 7r(r,n,(5) - 1. 

Recall that for 7f(r, n, 5) defined in (11.3b we have 7f(r, n, S) = 7r(r, n, d), where the 
Castelnuovo-Harris bound 7r(r, n, d) is defined in ( 11.2b and where d is defined as a function 
of Shy d = 6 + r{n- I) + 2. Since dim(Osc^(a;)) < C^+^l^ - 1 for any point a; G X 
and for any integer G N, we deduce an immediate consequence of ( 11.5b that for a non- 
degenerate X = X{r + 1, n, 6) C ri^'"-^)-^ the following hold: 

(i) the osculation of order p of X at a general point x G X is regular, that is 

(1.7) dim(0<(x)) = (^''+11^^ -1; 
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(ii) if xi, . . . , Xn-i are general points of X, then 

(1.8) {X) = ( e™ 1 OscP^ix,) ) ® ( e™i Os4-i(x„,+,) ) = p^(-'"-')-\ 

From now on an irreducible non-degenerate projective variety X ~ X{r + l,n,S) C 
pw(r,n,5)-i ^jjj denoted by X{r + l,n,5) C P^('-."^^)-i or simply by X(r + l,n, 5). 
In the next sections we shall describe the notable geometric properties of these varieties 
and of their covering families. 



2. Rationality of X{r + 1, n, S) and of the general curve of the 

n-COVERING FAMILY 

The following simple remark, which is surely well known to the experts, will play a 
central role several times in our analysis, see also ll32l Lemma 2.2] and ll52l for related 
statements. Since we were unable to find a precise reference for the generality needed, we 
also include a proof. 

Lemma 2.1. Let : X X' be a dominant rational map between proper varieties of 
the same dimension, let S be an irreducible n-covering family of irreducible curves on X 
and let S' be the induced n-covering family on X'. If X' is projective, if the restriction of 
(j) to a general curve C € S induces a morphism birational onto its image and if through 
n-general points of X' there passes a unique curve C G S', then the same is true for E 
on X and moreover (j) is a birational map. 

Proof. There exists a desingularization a : X ^ X with X projective and a morphism 
(p : X ^ X' solving the indeterminacies of (p. Thus without loss of generality we can 
assume X smooth and projective, that (f> is a morphism and that (j) restricted to a general 
C G E is a morphism birational onto its image. The morphism (f> is generically etale by 
generic smoothness, i.e. there exists an open set U' C X' such that letting U = (f)~^{U'), 
then : U [/' is an etale morphism. Let d = dcg{cf)) = dcg(0|^r) > 1. We shall 
prove that d = 1. 

Fix xi, . . . , Xn-i G U general points. There exists an open subset Ui C U such that for 
every x G Ui, there passes exactly s > 1 curves in E through xi, . . . , Xn-i and x. Since 
(/) is a proper morphism we can also take Ui = (f>^^{U[) with U[ C U' open. Let x' E U[ 
be a (general) point and let (p~^{x') = {xi, . . . ,Xd}- Let x[ — 4>{xi), I = 1, ... ,n — 1, 
and let C^^i, . . . , Ci^s be the curves of E passing through xi, . . . , Xn-i,Xi. Then for every 
j = 1, . . . , s, the curves <t){Ci,j) belong to E' and they pass through x'^, . . . , x'^_i, x' so 
that they coincide with the unique curve C" G E' having this property. Since (/) is a local 
isomorphism near Xi, we deduce s = 1. In particular through n general points of X there 
passes a unique curve belonging to E. 

Then Xi G Ci, xi G Ci and (p{Ci) = C for every i = 1, . . . ,d. Since (j) is also a 
local isomorphism at Xi since xi G U, we see that Ci = . . . = Cd = C. Since C G E 
is general, by hypothesis ip — (p^c '■ C ^ C" is a morphism birational onto its image, 
yielding d = 1 because xi G C, (pixi) = x' for every i ~ 1, . . . , d, and by the generality 
of x' we can also suppose that </5~^ (x') consists only of a point. □ 

We begin to study general properties of X{r + 1, n, 5)'s starting from the case n = 2. 
This case was classically considered by Bompiani in jS], where the proof was essentially 
provided for surfaces. Under the assumption that the general 2-covering curve is smooth 
and rational, this result was also obtained by lonescu in li32l Theorem 2.8]. A similar but 
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Stronger result holding in the analytic category and not only for complex algebraic varieties 
has been proved recently by Trepreau in 16411 

Theorem 2.2. An irreducible projective variety X = X{r + 1,2,(5) C P*- '■+1 ' is 
projectively equivalent to the Veronese manifold iys{V^^^)- In particular every curve in the 
2-cove ring family is a rational normal curve of degree 5 in the given embedding and there 
exists a unique such curve passing through two points of X. 

Proof. By definition p = (5 so that by ( 11.71 ). for x ^ X general we have 

dim(0s4"i (x)) = J) - 1 and Osc^x i:^) - p(''^+^')"^ . 

Now let a; e X be a fixed general point and let T = Osc^x^{x) = fi'-r+i)^^. Let 
Pt : X - p'^(»"-i'2,<5)-i jjjg restriction to X of the projection from T. The rational 
map Pt is given by the linear system \D3.\ cut on X by hyperplanes containing T so 
that the corresponding hyperplane sections have a point of multiplicity 5 al x ^ X. A 
general irreducible curve of degree 5 passing through x is thus contracted by px- Let 
Xt = MX). We have {Xt) = P^('^-i.2,5)-i ^jj^^g ^^x) = 

We claim that Xt is projectively equivalent to vsif'^) C P'^(''-i.2,5)-i^ Indeed, let 
TT : 'Q\x{X) X be the blow-up of X at x, let E = W be the exceptional divisor and 
let p'rp = Pt o -K : 'Q\x[X) --^ Xt be the induced rational map. The restriction of p'j. 
to is a rational dominant map from P*" to Xt C p'^('"-i'2,i5)-i gjygjj ^ sublinear 
system of jOpr [5) \ of dimension 7f(r + 1, 2, (5) — 1 so that it is given by the complete linear 
system |C'pr(5)| (since Osc\^{x) = P'^(''>2:*)-i^ the restriction of the strict transform of 
the linear system of hyperplane sections containing Osc^^(a;) to E is not zero). Thus 
the restriction of p'j, to E induces an isomorphism between E and Xt given by \Opr- [5)\, 
proving the claim. Moreover since a general curve C € S is not contracted by pT, we have 
that pt{C) is a curve on Xt of degree 5' < 6. Thus pt{C) is a smooth rational curve of 
degree 5, T n C = 0, the rational map pT is defined along C and it gives an isomorphism 
between C and pt{C). 

By solving the indeterminacies of p'j,, we can suppose that there exists a smooth variety 
X, a birational morphism (p : X ^ X and a morphism pT : X ^ Xt — i^si^^) 
such that Pt o (p = Pt- Let 4>*{\Dx\) ^ + \Dx\ with \Dx\ base point free and let 
I^D^I = p^{\Opr{l)\). Then Dj. ^ SD^ and dimdUa^l) > r. Moreover for the strict 
transform of a general curve in E passing through x we have [D^ ■ Cx) = and 
{Fx -Cx) = S while for the strict transform of a general curve C G S we have {Dx • C) =5. 
Thus (Dx ■Cx)^Q and {Dx ■C) = l. 

Letting T' = Osc;^^^ (.t') with x' ^ X general and performing the same analysis we 
can also suppose that on X the rational map pT' o cf) — pT' is defined and that there exists 
a linear system \Dx'\ such that dim(|i?2,'|) > r, {Dx' ■ Cx') — for general Cx' G Sx' 
and {Dx' ■ C) = 1 for general C € E. Since a general C^;' in E^/ does not pass through x 
we have jZ^a: | 7^ l-D^;' |- the other hand for x ^ X general, the linear systems \Dx \ vary 
in the same linear system \D\ on X since X is rationally connected. 

Thus dimdl?!) > r + 1, {D ■ C) = 1 for the strict transform of a general curve C in 
E and C does not intersect the base locus of 1 13 1 by the previous analysis. Let s + 1 = 
dim(|D|) and let ip = ^^t^ : X X' C p^+i be the associated rational map. Since 
^{C) is a line passing through two general points of X', we deduce X' = P*+i and r = s. 
Moreover by Lemma [ZTI the rational map tp is birational. Hence there exists a birational 



Trepreau's version of Bompiani's theorem is the following: let (X, x) C P'^ be a smooth germ of a (r + 1)- 
dimemsional analytic variety with regular 5th order osculation (at x). Assume that X is 1 -covered by (germs of) 
rational cun'es of degree 5 passing through x that are (generically) smooth at this point. Then X C vs{¥^'^^). 
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map ip = (f> o ip^^ : P'"+i ---> X sending a general line in P''+i onto a general curve of 
degree 6 in S. Composing ip with the inclusion X C p'r('".2,'5)-i ^ birational map 

from P'"+i given by a sublinear system of |Opr+i((5)| of dimension ('^^^^'') — 1, that is 
(f is given by the complete linear system |C'pr+i(5)|. In conclusion X C P'^(''^2,(5)-i jg 
projectively equivalent to the Veronese manifold ^^^(P''"''^). □ 

The rationality and the smoothness of the general member E of the 2-covering family 
of a X{r + 1, 2, 6) can also be deduced differently. Indeed in the previous proof we saw 
that the linear system of hyperplane sections having a point of multiplicity greater than or 
equal to 5 at a general x E X cuts a general C € I]:r in the Cartier divisor Sx. By varying 
X on C we see that this property holds for the general point of C. Thus the smoothness and 
rationality of a general element of S are consequences of the following classical and surely 
well known result, which seems to go back to Veronese, ll65l . at least in the projective 
version. The proof is well known and left to the reader 

Lemma 2.3. Let C be an irreducible projective curve. Then: 

(1) if C C is non-degenerate and of degree 5, then N < 6 and the following 
conditions are equivalent: 

(a) N = S and C C P* is a rational normal curve of degree S; 

(b) for a general x £ C there exists a hyperplane C P''^ such that H X = 
5 ■ X as schemes. 

(2) The following conditions are equivalent: 
(a') C is a smooth rational curve; 

(b') there exists a Cartier divisor D of degree S > lonC such that dim( \D\) = 5. 
(c') OciS • a;i) ~ Oc{S ■ X2) for some 5 > \ and for Xi,X2 € C general points. 

Via Lemma l23] one could also prove differently Theorem l2.2l above following the steps 
of Mori's characterization of projective spaces given in 1451 because in this case the family 
of smooth rational curves Y.^ is easily seen to be proper. 

We now investigate the higher dimensional versions of Lemma 12.31 from the point of 
view of proper varieties n-covered by irreducible curves of degree 5 with respect to some 
fixed divisor D, providing generalizations of ll32l Theorem 2.8] and of IT] Theorem 4.4]. 
Part (1) below has been obtained in 15211 while (i) is an abstract version of dO.ll ). 

Theorem 2.4. Let X be an irreducible proper variety of dimension r + 1 and let D be a 
Cartier divisor on X. Suppose that through n > 2 general points of X there passes an 
irreducible curve C such that {D ■ C) = S > n — 1. Then: 

(i) h'^iX^OxiD)) <Tr{r,nJ); 

(ii) Equality holds in (i) if and only if (f>\£)\ maps X birationally onto a X (r+1, S) C 
p-7r(r,n,(5)-i ^j^-^ ^^^^ general deformation of C does not intersect the inde- 
terminacy locus of 

(iii) If equality holds in (i), then 

(a) the variety X is rational; 

(b) the general deformation C of C is a smooth rational curve and through n 
general points of X there passes a unique smooth rational curve C such that 
(D-C)^ S. 

In particular: 

(1) a X(r + l,n,5) C p^i^^'^^^)^'^ is rational, the general curve of the n-covering 
family is a rational normal curve of degree 5 and through n general points of X 
there passes a unique rational normal curve of degree 5; 
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(2) a X{r + l,n,d) C P'^('"-">'5)-i is a linear birational projection o/z/5-(P''+^) {or 
equivalently, a X(r + l,n,S) is the birational image o/P''+^ given by a linear 
system of hypersurfaces of degree 5 and dimension 7f(r, n, S) — 1). 

Proof Suppose h°{Ox{D)) > W{r, n,6)>2 and let 

<p\D\ ■■ X X' C f{H^{Ox{D)) = P^. 

The variety X' C P^ is irreducible, non-degenerate, of dimension dim(X') = s + 1 < 
r + 1 and is n-covered by irreducible curves of degree 5' < S. Therefore by il.6\ one gets 

/i°(Ox(£»)) < 7f(s,n,J') <TT{r,n,6), 

yielding h'^{Ox{D)) — Tr{r,n,6) and X' ~ X{r + l,n,S). We have thus proved the 
bound (i) and also that if equality holds then X' = X{r + 1, n, 6). 

One implication of the first part of (ii) is trivial and we shall prove only the non-trivial 
implication and the second part of (ii). If h^{Ox{D)) — 7f(r, n, 5), then by the previous 
analysis dim(X') = r + 1 and deg{(j>{C)) = 5 for a general deformation C of C. 

Now we shall prove the birationality of and part (iii) for n = 2. Later we shall treat 
the general case n > 2. If n = 2, it follows from Theorem l2.2l that X' = X{r + 1, 2, 5) 
is projectively isomorphic to vsiV"^^"^) so that 0(C) is the unique rational normal curve 
of degree 5 passing through two general points of X' . Let jZ?! be the linear system on 
C obtained by restricting \D\ to C. Then dcg(D) = 5 and dimdZ?!) = 5 since (t>{C) 
is a rational normal curve of degree 5. Part (2) of Lemma 123] implies that C is a smooth 
rational curve, that is defined along C and that the restriction of i/i to C is an isomorphism 
onto its image. Thus from Lemma 12.11 we deduce that ((> is birational and that through 2 
general points of X there passes a unique smooth rational curve C such that {D ■ C) = 5. 

Suppose n > 2 and recall the following notation, see Section [T] p = ^5 / {n — 
m — 5 — p {n — 1) + \ and m! = n — 1 — m. Let xi , . . . , Xn-i be n — 1 general points on 
X' = X(r + 1, n, 5) C p^('~.«'5)-i. By (O and ([fsli, we know that the osculating spaces 
Osc^, {xi) and Osc''^^ [xm+j ) (for i — 1, . . . , m and j = 1, . . . , m') have the maximal 
possible dimension and are in direct sum in the ambient space, yielding a decomposition 

where 

S = ( ©^^2 Osc'^.i^X,) ) © ( ©^ii OscP-\xm+j)). 

Let S be as above, let 

PS : X' L = 0s4,(xi) = r'ir,2,p)-i 

be the restriction to X' of the linear projection from S onto L and let X'g = p5(X'). Let 
^X2,...,x„^i be the family consisting of curves in the covering family S passing through 

X2, ■ ■ ■ ,Xn-i- The family Sx2,....x„_i is 2-covering and a general C S 2;„_i has 

contact of order at least (m — l){p + 1) + m'p with S and is not contracted by ps- Thus 
the irreducible curve Cs = Ps{C) has degree p' < 5 — {m — l){p + \) — m'p = p. The 
projections of the curves in 'S,x2,...,x„-i produce a 2-covering family of irreducible curves 
of degree p' on the non-degenerate irreducible variety X'g C P'^('''2:P)-i. Then ( 11.61 1 
implies that X'g = X{r + 1, 2, p) is projectively equivalent to zyp(P''+^) so that Cs C X'g 
is a rational normal curve of degree p by Theorem l2.2l Moreover, C is a rational normal 
curve of degree S by part (2) of Lemma [231 since the restriction of ps to C is given by a 
linear system of degree p and ps{C) ~ Cs is a rational normal curve of degree p. 

The dominant rational mapps is birational and through ?? > 2 points of X' there passes 
a unique rational normal curve of degree 5 by Lemma ITTI Thus (1) is proved for every 
71 > 2. Applying once again Lemma ITTI to cj) : X X' we immediately deduce also 
for n > 2 that the map is birational and that through n > 2 points of X there passes a 
unique smooth rational curve C such that {D ■ C) ^ S, proving (a) and (b) of (iii). 
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To prove (2), let ~ pg^ : P''+i ---> X' = X{r + l,n,S). The birational map ip 
sends a general line I C P^^^ onto a general element C £ 'Sx2,...,x„-i- The composition 
of ip with the natural inclusion X' = X{r + 1, n, S) C P'^(''>"''^)-i is given by a sublinear 
system of jOpr+i {d)\ of dimension 7f(r, n, 6) — 1, showing that X' = X{r + 1, n, 6) is 
a birational linear projection of i's{F^^^) from a linear space of dimension 7f(r, 2, (5) — 
7f(r, n, (5) — 1. □ 

The preceding statement concerns varieties X that are n-covered by irreducible curves 
of degree S with respect to an arbitrary given Cartier divisor hence it is more general than 
the corresponding result in ||52ll considering embedded X = X{r + 1, n, 6) C P'^(''^"''')^i. 
Note however that the main tool used to prove Theorem 12.41 namely the reduction to the 
well understood case n = 2 via an osculating projection, is the same as in | 



3. Bound for the top self intersection of a nef divisor 



In this section, as a consequence of part (i) of Theorem 12.41 we prove a bound for the 
top self intersection of a nef divisor D on a proper variety X such that through n > 2 
general points there passes an irreducible curve C with {D ■ C) = 6 > n — 1. In particular 
we obtain a bound for the degree of varieties X{r + 1,ti,S) C P^. The bound (13. Il l below 
generalizes a result usually attributed to Fano, who proved it for = 2. The reader can 
consult the modern reference [|35l Proposition V.2.9] for the case n = 2 of Fano's result 
and also the several appUcations given in loc. cit., e.g. to the boundedness of the number of 
components of families of smooth Fano varieties of a fixed dimension, see ll35l Chap. V]. 



Theorem 3.1. Let X be a proper irreducible variety of dimension r + 1, let D be a nef 
Cartier divisor on X and suppose that through n > 2 general points there passes an 
irreducible curve C such that {D ■ C) = S > n — I. Then 

(3.1) D^+^ < — . 

(n — ly 

In particular, if X = X{r + 1, n, 5) C P^, then 

§r+l 

(3.2) dcg(X) < 



Proof. By the Asymptotic Riemann-Roch Theorem, see for example ll35l Theorem VI.2. 15], 
we know that 

so that 



(3.3) D'+' = lim 

Since X is n-covered by a family of irreducible curves having intersection with D equal 
to 5, X is also n-covered by a family of irreducible curves having intersection 5^ with ID 
for any ^ > 0. Theorem l2.4l vields 

h°{Ox{tD)) < TT{r,n,Se) 

for every positive integer £. From ( 13.3b we deduce 

(3.4) 7^-^<liminfii:±45fi^. 

Let pi ~ V^S^^ ^ > 0- The definition of 7f(r, n, Si) in ( 11.3b implies that 
i.-^<liminf(!i^ll(j±i±i^. 
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Using Stirling's formula, for £ — > +00, we have 

(n-l)(r + l + p,)! (n-l)Vr + l + p,(I±^)''+^+"^' 
^+V£! ^ fr+l^(i^)P^ 

(n - 1) (r + 1 + p/;)'^'^^ / r + 1 \ 
V ^ Pi ) 

Since — > +00 if £ — > +00 and recalling that lini^_>+oo (l + ^^)^ 
{n-l){r + l + pe)l (n-l)p^+i 



But pf ~ if ^ +00 hence we finally get 

D^+^ < lim inf ^ ^-^^^ = . □ 

~ {n - ly 

Remark 3.2. The bound (13.2b is sharp for n = 2 since S''^^ is the degree of vs{F^^^)- 
More generally, it is sharp for every n > 2 as soon as 6 = p{n— 1) for some integer p since 
in this case 5^^"^ /{n — l)"" = p^^^(n — 1) is the degree of Vp{Y) for any non-degenerate 
variety c P"+''^i of minimal degree n — 1. 

We apply the previous bound on the degree to classify the X(r + 1, n, n — 1 + fc)'s for 
n sufficiently large, when r and fc are fixed. 

Suppose fc = 0. Since 7f(r, n, n — 1) = n + r, X = X(r + 1, n, n — 1) C P"+''^i is 
a variety of minimal degree equal to codim(X) + 1 = n — 1 by ( 13.2b . as it is well known. 
These varieties were classified in ancient times by classical algebraic geometers, see lISTI 
and also Section|4] 

Now we consider the case fc > 0. When n is sufficiently large, we have m = fc + 1, 
m' = n — k — 2 and p = 1, yielding 7f(r, n,n — 1 + k) = (fc + + 2) + n — fc — 2. So 
( 13.2b implies that X = X(r + 1, n, — 1 + fc) is a variety of minimal degree as soon as 
the quantity 

(3.5) 9= {n-l + ky'+^ - {n - + fc(r + 1) - 2) 

is strictly positive. But 9 = + 0{n^^^) as a simple and direct expansion shows. There- 
fore for n sufficiently large 9 > and X = X{r + 1, n, n — 1 + fc) is a variety of minimal 
degree. Assuming moreover that n > 5, as we shall do from now on, one deduces that X is 
a rational normal scroll S'ao,...,a,. with < aQ < . . . < Qr and X]i=o '^i ~ n + fc(r + l) — 1. 
We want to prove that X is projectively equivalent to Sao+k,...,ar+k with ao, . . . , ver- 
ifying < 0:0 < . • . < Q^r and X]i=o '^i ^ n — 1. With the terminology introduced in 
Section|4]this will mean exactly that X = X{r + 1, 71, n — 1 + fc) is of Castelnuovo type 
for n sufficiently large. 

Let zi, . . . , Xk+i and yi, . . . , yn-k-2 be general points of X and let tt = 7f(r, n,n — 
1 + fc). According to ( 11.6b . 

F""' = {X) = ( e^^i^ 0SC^(X,)) ® (2/1, . . ■,yn-k-2) . 

Let us introduce some notation. Let < oq < oi < . . . < with > be integers 
and set P(ao, • . • , Or) := ^(©i^o^iP^ (^j))- Let be a divisor in |C'p(ao,...,a^) (1)1 ™d 
consider the morphism = 0|^| : P(ai, . . . ,a„) — > P""^ whose image is denoted 

'S'ao,...,ar and called a rational normal scroll of type (ao, . . . ,0^). The morphism (f) is 
birational onto its image so that Sag , . . . .a^ has dimension r + 1 and its degree is ao + • • • + flr . 
The scroll Sao,....ar is smooth if and only if ao > and cf) is an embedding in this case. If 
= tti < Ui+i, then S'ao....,a,. is a cone over S'oi+i,...,Or with vertex a P*. 



VARIETIES n-COVERED BY CURVES OF DEGREE S 



11 



Lemma 3.3 ( I1I6I p. 13). Let bo, . . . ,br be natural integers such that = 5o = • • • = 
hi < foi+i < < • • . < br, let {d[, . . . , d'^_,} = {bi+i - 1, . . . ,br - 2} and let 

{di, . . . , dr~i} be a rearrangement of {d'l, . . . , d'^_^} such that < di < d2 < . . . < 
dr-i- Then the general tangential projection of Sha,....hr Sdi,....dr-i- 

Thus if ao < k, there would exist £ < k + 1 such that the image X' of X via the linear 
projection ps from S = Oscx {xi ) © • • • ©Osc^ (xi) would be a rational normal scroll of 
dimension r' < r. This would imply dim((X(r+l, n, n— 1 + < 7f(r, n, n— 1 + fc) — 1, 
leading to a contradiction. In conclusion we proved the following consequence of (13.2b . 

Corollary 3.4. Ifn is sufficiently large, a X{r -\- \,n^n—l + k) is projectively equivalent 
to a rational normal scroll Saa+k,....ar+k with ao, . . . , such that X]i=o o^i = n ^ 1. 

Remark 3.5. The value of n in the previous result can be made effective: X{r + l,n,n — 
1 + fc) is a scroU as in the previous corollary as soon as n > max(6, fc — 2) and 9 > 0, 
where 9 is the quantity defined in ( 13.5b . 

4. Some examples of varieties 'X{r + 1, n, 6) 

In this Section we describe in detail three classes of X{r+1, n, S). The simplest ones are 
the so called varieties of minimal degree. Next, using the theory of Castelnuovo varieties, 
we will construct examples of X{r + 1, n, 6) for arbitrary n, r and 6 > n — 1. These latter 
examples have already been presented in 1521 . Finally, we will show that twisted cubic 
curves associated to Jordan algebras of rank 3 are examples of X{r + 1, 3, 3). 

4. 1 . Varieties of minimal degree and their associated models |l2T]|30l. It is well-known 
(see ll28l p. 173]) that the degree of an irreducible non-degenerate projective variety Y C 
pra+r-i dimension ?- + 1 satisfies dcg(F) > codim(F) + 1 = n — 1. By definition, 
Y C P"+''~i is a variety of minimal degree if its degree is n — 1. Such varieties exist 
and are well known. Their classification goes back to Bertini and Enriques and can be 
summarized as follows (the notation being as in |[30l ): 

Theorem 4.1. The following is an exhaustive non redundant list of the {r + 1)- dimensional 
varieties Y C P"+'"^i of minimal degree n — 1.- 

(1) the rational normal scrolls Sao foi" some integers ao, . . . , verifying < 

flo ^ fli !i ■ • • !i Or < ~ 1 <^nd ao + • • • + a,- = n — 1; 

(2) the ambient space P''+i itself (n ~ 2); 

(3) the quadric hypersurfaces of rank g > 5 (n = 3j; 

(4) the cones over a Veronese surface in fn = 5). 

Recall that a scroll Sao....,ar is singular if and only if ao = 0. In this case, it is a cone 
over the scroll Saj,....ar where j stands for the smallest integer such that aj ^ 0. 

Let Y C P"+''~i be a variety of minimal degree. The space spanned by n generic 
distinct points . . . , ?/„ on y is a (n — 1) -dimensional subspace in P"+''-i. The latter 
being generic, it intersects Y along an irreducible non-degenerate curve of degree n — 1, 
which by Lemma l23] is a rational normal curve in , . . . , y„) passing through yi for any 
i = 1,. . . ,n. This shows that Y C P"+''~i is 71-covered by rational normal curves of 
degree n—1. Since 7f(r, n,n — 1) = n + r, it follows that varieties of minimal degree are 
examples of X{r + l,n,n— 1), which will be called models of minimal degree. Note that 
also the converse is true because according to Theorem l3.1l every X{r + l,n,n — 1) C 
pn+r-i jg ^ variety of minimal degree n — 1. 

4.2. Castelnuovo's varieties and their associated models II30II14||521 . LetV c P"+'^ 1 
be an irreducible non-degenerate variety of dimension r and degree d > 1. There is an 
explicit bound on the geometric genus g{V)ofVm terms of an explicit constant depending 
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on d,n and r. The geometric genus g{V) is defined as the dimension hP{Ky) for one 
(hence for all) resolution of the singularities V-^VofV. 

Theorem 4.2 (Castelnuovo-Harris bound 1301 ). The following bound holds 

(4.1) g{V)<n{r,n,d). 

for the geometric genus ofVc P"+'"~i. In particular g(V) ~ if d < rin — 1) + 2. 

An irreducible variety V C P"+''^i as above and such that g{V) ~ ii{r, n, d) > is 
called a Castelnuovo variety. Note that in this case necessarily d > r{n — 1) + 2. 

Remark 4.3. The bound ( 14. Il l can be generalized to more general objects than projective 
varieties. Indeed, a basic result of web geometry says that the bound rk(VF) < 7r(r, n, d) 
holds for the rank rk(VF) of a r-codimensional d-web W — Wd{n,, r) defined on a mani- 
fold of dimension nr. This result, due to Chern and Griffiths (13], can be proved by quite 
elementary methods (see IfSTI and P9| ). Combined with Abel's addition theorem, this im- 
plies the inequality (V, wy ) < Tr{r, n, d)- here wy denotes the sheaf of abelian differen- 
tial r-forms on V, see ll37l l43l |3] [3T]- as soon as V is such that its generic 0-dimensional 
linear section is in general position in its span, which is stronger than ( 14.1b . 

The classification of projective curves of maximal genus has been obtained by Castel- 
nuovo in 1889. More recently, in lf30l . Harris proved the following result. 

Proposition 4.4. Let V C P"+''^i be a Castelnuovo variety of dimension r > 1 and 
codimension at least 2. The linear system \Tv{2)\ cuts out a variety of minimal degree 
Y c P"+'-i of dimension r + 1. 

Thus a Castelnuovo variety V C P"+''~i of dimension r is a divisor in the variety 
of minimal degree Y C P"+''^i cut out by |Iv(2)|. This property was used by Harris to 
describe Castelnuovo varieties (see also the refinements by Ciliberto in lfT4l ): ifpiY^Y 
denotes a desingularization (obtained for instance by blowing-up the vertex of the cone Y 
when it is singular), Harris determines the class [V] of V (the strict transform of F in F via 
p) in the Picard group of Y. Assuming (to simpUfy) that V is smooth, let Ly = Ky + V . 
By adjunction theory, there is a short exact sequence of sheaves 

Since h'^{Y, Ky) = h^{Y, Ky) ~ (because Y is smooth and rational), the map 

(4.2) H\Y,Lv)^ H\V,Ky) 

is an isomorphism. Thus it induces rational maps (f)v = 't'\Kv\ ^nd $\/ = $|Lv | ° P^^ 
such that the following diagram of rational maps is commutative; 

(4.3) V ^ f^(r,n,d)-l 

Y — — — — ^ p7r(r,n,d) — 1 

Let Xv be (the closure of) the image of $y. It is an irreducible non-degenerate sub- 
variety in p^ir-n,d)-i ajjjj dimlXy) = dim(y) = r + 1. Moreover, one proves that the 
image by <i>y of a generic 1 -dimensional linear section of Y, that is of a rational normal 
curve of degree n — 1 passing through n general points of Y, is a rational normal curve of 
degree (5 = d- r(?i - 1) - 2 contained in Xy. Thus C T>^(^'^^d)-i ^ p^(r,n,5)-i ^^^^ 
example of X{r + l,n,d). These examples will be called models associated to the Castel- 
nuovo variety V C P"+''^i and also models of Castelnuovo type. They are described in 
detail in ll52l where the authors also prove the following result. 

Theorem 4.5. Let X£X{r + l,n,S).IfS^2n—3 then X is of Castelnuovo type. 
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It follows that varieties X{r + l,n,6) not of Castelnuovo type can exists only for 6 = 
2n — 3. In the sequel, we shall focus on the case n = 3 and present some examples of 
varieties X{r + 1,3,3) not of Castelnuovo constructed from Jordan algebras. 

4.3. Models of Jordan type associated to cubic Jordan algebras. Recall that a (com- 
plex) Jordan algebra is a C-vector space J with a C-bilinear product J x JJ — > J verifying 

x'^ [y x) = (x^ y) X for all x, ?/ G J . 

We will restrict here to the case of commutative Jordan algebras of finite dimension admit- 
ting a unit, denoted by e. A classical result in this theory ensures that a Jordan algebra is 
power-associative: for every x S J and any k G N, the fcth-power x'^ of x is well-defined. 
This allows us to define the rank of J, denoted by rk(J): it is the dimension (as a complex 
vector space) of the subalgebra C[.t] = Span£(x'^ | fc G N) generated by a general element 
X G J. Let m = rk(JI) and let be the restriction of the multiplication by x to C[x] and 
let Mx be its associated minimal polynomial. Then the relation Mx{ix)e = expands to 

(4.4) x" - ai(x) x™-i + • • • + (-1)" arn{x) e = 0, 

where x i— > cri(x) is a homogeneous polynomial map of degree i on J (for every i = 
1, . . . , m). By definition, ( 14.4b is the generic minimum polynomial of the Jordan algebra J 
{cf. Il24l Proposition II. 2.1]). Its generic trace is the linear map T : x i-> T(x) = (Ji(x) 
and the homogeneous polynomial map iV : x i— >■ A^(x) = a-m{x) of degree m is its 
generic norm. The latter is multiplicative in the following sense: for all y G J, we have 
iV(x x') = A^(x) A^(x') for every x, x' G <C[y] (see ||24l Proposition II.2.2]). 
One defines the adjoint x^ of an element x G JI by setting 

ni— 1 

x* = Y, a,(x)(-x)"-i-* 

where ctq = 1- It follows from ( 14.4b that x .x^^ = x'^^x = iV(x) e so that A^(x) 7^ implies 
that X is invertible (for the Jordan product) with inverse x~^ = N{x)~ x*. 

The map i : x i-> x^^ is a birational involution on J. Let Str(J) be the set of g G G'L(J) 
such that g o i = i o h {as birational maps on J) for a certain h G GL{S). When it exists, 
such a ft. is unique: by definition, it is the adjoint of g and is denoted by g'^. One proves 
(see II6TI ) that Str(J) is a closed algebraic subgroup of GL(J), called the structural group 
of the Jordan algebra J. Moreover, g g"^ is an automorphism of Str(J) and there exists a 
character r] : Str(J) C* such that N{g{x)) = r]g N{x) for all x G J {cf. IM] Prop.1.5]). 



The complex vector space Z2 (J) of Zorn 's matrices is defined by 

s,teC 



22 (J) = 



x,y e 



Assuming from now on that J is of rank 3, one defines the twisted cubic associated to 



J (noted by X^) as the (Zariski)-closure in 
embedding 

1^3 : J ^ ] 



Then the Zariski-closure of i'3{Ce) in 
included in X^ that we denote by Cj: 



' Z2 (J) of the image of the polynomial affine 



X 

iV(x) 

is a rational normal curve of degree 3 



Gi 



1 te 



t G 



u 




1 
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It contains the following three points 



Oj = 1^3(0) = 



i^3(e) 



and 



OOJI = 



Recall that i stands for the inverse map x i— > x^^. From now on we shall suppose 
g e Str(J[). For a fixed w G J, let t^^ : JJ — > J be the translation .t i—> x + w and denote by 
# the bilinear map associated to one has x^y = (x + yY 

For a; e J and .g e Str(J), one sets for every M [f,^ 1 e PZ2(J): 



— — for X, y G , 



I{M) = 

Gg{M) = 

and T^{M) = 



s g{x) 

Vgg*{y) Vgt 

s 

ujifx 



t + T{yoj) + T{x uj*) + s N{uj) 



y + ijJifX + 5 0;"^ 

These maps are projective automorphisms of P Z2 (JJ). 

The proof of the following lemma is straightforward and left to the reader. 

Lemma 4.6. For every w € JJ and for every g G Str(J), we have 

(4.5) o i = / o jyg , 1^3° g = Gg o 1/3 and V3 o ^ T^^ o V3 . 

Consequently, the maps I, G and T^^ are projective automorphisms of the cubic X'^. 

Let Conf (JJ) be the conformal group of JJ, that is the subgroup of PGL{Z2{S)) gener- 
ated by / and the maps Gg and T^^ for all w G JJ and all g G Str(J). From Lemma 1431 it 
foUows that Conf (J) is a subgroup of the group of projective automorphisms of Xf. 

Proposition 4.7. The group of projective automorphisms of X^ acts transitively on 3- 
uple's of general points of Xj. In fact, if xi,X2,X3 G are sufficiently general, it exists 
/i G Conf(JJ) such that ^i{v3{xi)) = Oj, ^l{l'3{x2)) = Ij and fi{iy3{x3)) = ooj. 

Proof. First let = Str(JJ) • e be the orbit in JJ of the unit e under the linear action of the 
structural group. By lIMI Theorem 6.5], one knows that is a Zariski-open subset of J. 
Assume that x,y, z £ I are such that (!) yi ^ y — x and zi ~ z — x are invertible; (2) 



Z2 



j/i G ^, i.e Z2 = g{e) for a certain g G Str(JJ). Then set 



{Gg)-' O T_ 



(V 



)-i o/oT_^, G Conf (J). 



Oj and/i(j/3(z)) = Ij. 

□ 



We leave to the reader to verify that ^i{v3{x)) = 00 j, ii{v3{y)) 
Since 1^3 (JJ) is dense in Xj* , the conclusion follows. 

Let xi,X2,X3 G JJ and let // G Conf (J) be as in the statement of Proposition 14.71 
Since /i G PGL{Z2{I)), the curve /i^^(Cj) is a rational normal curve of degree 3 passing 
through the points 1^3(2;^) for i = 1,2,3. Since /i is a projective automorphism of Xf (by 
Lemma l431 above), this twisted cubic curve is also contained in X^. Thus we have proved 
the following result. 



Corollary 4.8. The twisted cubic Xj associated to a Jordan algebra JJ of rank three is 
3 -covered by rational normal curves of degree 3. 

Let k be the dimension of a Jordan algebra J of rank 3. Then X^ is a non-degenerate 
algebraic subvariety of the projective space PZ2(J), whose dimension is 2k + 1. Since 
■K{k, 3, 3) = 2k + 2, one obtains that Xf C PZ2(JJ) = P^'^+i is an example ofX{k, 3, 3). 
Thus the cubics X{? associated to Jordan algebras of rank 3 are examples of varieties of 
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type X{k, 3, 3), which will be called models of Jordan type. A consequence of Theorem 
I5.2l is that a is never of Castelnuovo type. 

In fact, using Theorem 15. 21 one can easily prove the following criterion which charac- 
terizes the varieties X (r + 1 , n, 2n — 3) of Castelnuovo type for arbitrary n > 3. 

Proposition 4.9. A variety X = X{r+1, n, 2n—3) is of Castelnuovo type if and only if for 
any n — 2 general point X2, ■ ■ ■ , Xn-i G X, the intersection of the space Osc\r{xi) 
with X contains a hypersurface. 

In fact, it can be verified that the X = X{r + 1, 7i, 2n — 3) of Castelnuovo type are 
exactly the two scrolls Sn-2,...,n-2,n and S'„-2,...,n-2,ri-i,n-i in p("-i)('+2)-i. 

4.3.1. Examples. We shall describe some explicit examples of models of Jordan type. 

A Jordan algebra J is simple if it does not admit proper non-trivial ideals. It is semi- 
simple if it is a finite direct sum of simple proper ideals (or equivalently, if the bilinear 
symmetric form {x, y) 1— > T{xy) is non-degenerate, see 041 Theorem 5 p. 240]). 

Exemple 4.10. Let S be a symmetric bilinear form onW = Then f = <C®W 

with the product defined by 



is a Jordan algebra of rank 2. Moreover, x^ ~ 2\x + (A^ + B{y,y)) e ~ for any 
X — (A, y) e J' (where e ~ (1, 0)). The generic norm and the generic trace are A^(A, y) = 
A^ + B{y, y) and T(A, y) = 2A hence the adjoint is given by a;^ = (A, — y). One verifies 
that C © is semi-simple if and only if B is non-degenerate and C ® is simple if B is 
non-degenerate and r > 2. When r = 2, J' = C © with the product ( 14.6b is isomorphic 
to the direct product (of Jordan algebras) C x C. 

One can define the conic associated to a Jordan algebra J' of rank 2. By definition, it 
is the (Zariski)-closure, denoted by Xy, of the image of the affine map J' 9 x 1— [1 : x : 
N{x)] e P(C © J' © C). Since N is homogeneous of degree 2, Xy is a non-degenerate 
quadric hypersurface in P'"+i (where r = dime J')- It is smooth if and only if J' is simple. 
In any case, Xj, is an example of X(r, 3, 2) (of minimal type). 

Lemma 4.11. If ^ = <C x is the direct product ofC with a Jordan algebra J' of rank 2 
and dimension r, then J is of rank 3 and X^ ~ x Xy Segre embedded in p2'"+3_ 

This result ensures the existence of examples of models of Jordan type of any dimen- 
sion. For JJ = C X J' with J' of rank 2, note that Xf is smooth if and only if J is semi-simple. 

4.3.2. Examples of X[r + 1, 3, 3) 'i associated to simple Jordan algebras of rank 3. Let us 
now consider models of Jordan type associated to simple Jordan algebras of rank 3, which 
can be completely classified. We recall the well known Hurwitz Theorem that there are 
exactly four composition algebras over the field of real numbers: R itself, the field C of 
complex numbers and the algebras H and O of quaternions and octonions respectively (the 
reader can consult |2| for a nice introduction to these objects). 

If A denotes one of these algebras, let Ac = A (g) C be its complexification (over W). 
Any such Ac is a complex composition algebra: for Xj = Ui (S^ ri £ Ac, with a,; € A and 
r,; G C fori = 1, 2, we define xi-X2 = aia2^rir2,xi = oY^ri and |p = xi -xT E C. 
Of course, except for Oc, there are classical isomorphisms (of complex algebras) 



Let J^fs (Ac) be the space of Hermitian matrices of order three with coefficients in Ac: 



(4.6) 




Kc-C, Cc:i;C©C and He ~ A/2(C). 
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The multiplication 
(4.7) (Af, N)^^ [MN + NM) 

induces on J^(Ac) a structure of complex (unital commutative) Jordan algebra. For A = 
K, C or H, it is a direct consequence of the fact that A and hence the rings of 3 x 3 matrices, 
M^{K), are associative algebras. For M^{Q) a particular argument is needed and we refer 
to Il24l Chap. V and VIII] for this case. One proves (see again Il24ll ) that any Jordan algebra 
J^(Ac) is simple and of rank 3. 

We are now able to describe all simple Jordan algebras of rank three. Their classifica- 
tion is classical {cf. 1341 p.233] or 1241 for instance) and is given in Table 1 below with a 
description of the corresponding cubic curves, see also l46l [39l [181 . The table also shows 
classical isomorphisms of (Ac ) with some matrix algebras having (14.7b as Jordan prod- 
uct (in the case A = M, C or H). 



Jordan algebra JJ 


Twisted cubic curve X'^ over J 


^3(Kc)^Sym3(C) 


6-dimensional Lagrangian 
grassmannian LG'3(C^) C P^^ 


^3(Cc)^A/3(C) 


9-dimensional Grassmannian 
manifold G3(C6) C P^^ 


^^3(Hc)^ Alt6(C) 


15 -dimensional orthogonal 
Grassmannian OGeCCi^) c P'''^ 


^^3(Oc) 


27-dimensional iJy-variety in P^^ 



Table 1 . Simple (unital and finite-dimensional) Jordan algebras of rank 3 and 
their associated cubic curves. 

It follows from l39l [TSl that the cubic curves Xj* associated to one of the simple Jordan 
algebras presented in Table 1 are homogeneous varieties, yielding non-singular examples 
of X{k, 3, 3) of Jordan type, for k = 6, 9, 15 and 27. 

The four varieties of the last column in Table 1 have been studied by several authors 
from many points of view. The interested reader can consult for example l46l l38l |39l 1411 

4.3.3. A Jordan cubic curve associated to the sextonions. The algebra of (complex) sex- 
tonions Sc is an alternative algebra over C such that He C Sc C Oc. It is of (complex) 
dimension 6 and has been constructed in l40ll67l . 

The product (14.7b realizes (Sc ) as a 2 1 -dimensional sub-Jordan algebra of (Oc ) . 
Then J^(§c) is of rank 3 but is not semi-simple {cf. l40l Section 8.2]). The cubic curve 
over J^(§c) is denoted by G^{S'^,'B^) in l4(l where it is explained why it can be con- 
sidered as a kind of Lagrangian Grassmannian. It is a X(21,3, 3) in P'''^ that is quasi- 
homogeneous and singular along a quadric of dimension 10 {cf. l40l Corollary 8.14]). 

4.4. Some cubic curves associated to associative algebras. Let A be an associative al- 
gebra (of finite dimension) not necessarily commutative but with a unit e. Let A'^ denote 
the algebra A endowed with the product x * y = ■^{xy + yx). If A is commutative, then 
A = It is immediate to see that in general ^+ is a Jordan algebra with e as unit. We 
will say that a Jordan algebra is special if it is isomorphic to a subalgebra of a Jordan alge- 
bra of the form with A associative. For instance, the simple Jordan algebras =^(Ac) 
in Table 1 are special except when A = O. 

Being associative, A is also power-associative so that one can define its rank as intro- 
duced at the beginning of Section l43] Of course, the rank of the associative algebra A and 
the rank of the associated Jordan algebra coincide. 
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Complex associative algebras have been classified in low dimensions -e.g. in dimension 
3, 4 and 5- in classical or more recent papers and looking at these lists one immediately 
computes the rank of these algebras. Then, considering the A+'s associated to rank three 
associative A's, one obtains examples of special cubic Jordan algebras in dimension 3, 
4 and 5. The computations needed to obtain the examples appearing in the following 
subsections are elementary but tedious and quite long so that they will not be reproduced 
here. 

4.4.1. The X(3,S,3)'s associated to special Jordan algebras of dimension three. The 
classification of 3-dimensional complex associative algebras is classical, see 1621 l57l . We 
refer to Il23ll26l for more recent references. 



Theorem 4.12. A 3-dimensional complex associative ( unital) algebra of rank 3 is isomor- 
phic to one of the following ones: 

^ ^ ^ X ^ C[X] , C[X] 

Ai-CxCxC, A2=Cx , A3 = . 

The above algebras are commutative so that Aj' ~ Ai (for i ~ 1,2,3) are examples of 
special 3-dimensional cubic Jordan algebras. Let Xa^ be the cubic curve associated to Af . 
Clearly, the cubic curve Xa^ is nothing but Segre's threefold x x C P*", which 
is a particular case of the general construction of Lemma l4.11l Similarly, one verifies that 
Xa2 is isomorphic to the Segre embedding of P^ x S02 in P^. 

On the other hand the cubic curve associated to A3 yields a new example. One takes 
X = l,y = X and z = X^ as a C-basis of A3. Since this algebra is commutative, the 
Jordan product coincides with the associative one of A3 and may be expressed as follows: 

(x, y, z) ■ (x', y\ z') = {xx' , xy' + x'y, xz' + x' z + yy') . 

Then the generic norm and the adjoint of {x, y, z) G ^3 are given by the following formu- 
lae: 

{x,y,z)* ^ {x^,-xy,y'^ - xz) and N{x,y,z)^x^. 

So the cubic curve Xa^ is the closure of the image of the rational map 

(4.8) [x : y : z : i] I — > \f : xt^ : yt^ : zt^ : x^t : -xyt : {y^ - xz)t : x^] . 

The variety Xa^ C P^ can also be described as the image of P"^ by the rational map as- 
sociated to the linear system of cubic surfaces passing through three infinitely near double 
points (two of them generate the line a; = t = contained in the base locus scheme of the 
linear system) so that it has degree 6. 

4.4.2. Some X(4,3,3) associated to Jordan algebras of dimension four. The classifica- 
tion of 4-dimensional complex associative algebras is also classical, see 16211581 . and was 
also reconsidered more recently in l26ll . see also the references in these papers. As ex- 
plained above, we are essentially interested in those of rank 3, whose classification is 
contained in the next result where we use the labels and notation of l26l p. 151-152]. 



Proposition 4.13. Let Abe a 4-dimensional associative algebra of rank three. Then if A 
is commutative, it is isomorphic to one of the following algebras 

qx^ c[x,y] c[x,r] 



If A is not commutative, then one of the following holds: 

• A is isomorphic to one of the following three triangular matrix algebras 



^13 = Cx ( 1j ) ; An 












a 












a,6,c,deC>; ^15 = (^14)° 
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• there exists A G C \ {1} such that A is isomorphic to 

<C{X,Y) 
18(A) (x2,F2^yX- AXF) ' 

• A is isomorphic to 

^ C{X,Y) 
19 {Y^^X^ + YX,XY + YX) ' 

(Here C{X, Y) stands for the free associative algebra generated by 1, X and Y). 

Since Ais ~ (^114)°^^ one has A'^^ — A'l^. Moreover, one verifies easily (via elemen- 
tary computations) that the Jordan algebras A'^^^^^ and A^q are associative so that they are 
isomorphic to one of the three commutative associative algebras Aq , Aj or Ag (in fact one 
has ^^g(;^) — Aj and A^g ~ As). Thus we get the following result. 



Corollary 4.14. Let J be a cubic Jordan algebra of dimension 4 of the form A'^ with A 
associative and of rank three. Then J is isomorphic to one of the following algebras: 

(4.9) Aq, At , As , or . 

The reader has to be aware that not every 4-dimensional cubic Jordan algebra is of 
the form with A associative. For instance (as explained above), if f stands for the 
simple Jordan algebra of rank 2 on C'^ then the direct product C x J' is a non-associative 
Jordan cubic algebra not isomorphic to any of the Jordan algebras in ( 14.9b . In this case, the 
associated cubic curve X^^y is x Q C where Q is a smooth hyperquadric in P'*. 

Another example is given by the Jordan algebra denoted by J*, the Jordan product of 
which is explicitly given by 

x*y = xiui , X2y2 , 2^42/4 - ^12/3 - x^yi , ^{x2y4 + Xiy2 - 2^12/4 - 2^42/1)) 

for X = {xi)j^^ and y = (2/i)i=i ™ = One verifies that J* is indeed of rank 3. 

After some easy computations, one obtains explicit affine parametrizations of the form 
X I— >■ [1 : a; : : N{x)] of the cubic curves associated to the cubic Jordan algebras 
mentioned above in this subsection. We collect them in the following table for further 
reference. 



Algebra JI 


Adjoint a;* 


Norm N{x) 


Xj c P-^ 


At - Ae 


(X2^ , X1X2 , -X1X3 , -XiXi) 


Xi X2^ 


X S002 


At = Aj 


(xi^ , -2:1X2 , -X1X3 , 2X2X3 - X1X4) 


Xl' 




At = As 


(xi^ , -X1X2 , -X1X3 , X2^ - X1X4) 


X,' 




^13 


(X2 X4 , X1X4 , -X1X3 , X1X2) 


Xi X2 X4 


X ^011 


^14 


(xiX2, Xi^, -X2X3, -X1X4) 


Xi^ X2 




C X J' 


(X2 + X3 + X4 , X1X2 , — X1X3 , — X1X4) 


Xi(x2 + X3 + X4) 


pi X Q 


J* 


(xiX2 , Xi^ , X4^ — X2X3 , X1X4) 


Xi^ X2 





Table 2. 
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4.5. Some other examples of X{r + 1, n, 2n — 3) when n > 3. According to the main 
result of 1521 . a variety X(r + 1, n, 5) is of Castelnuovo type except maybe when n > 2, 
r > 1 and S ~ 2n — 3. The cubic curves associated to Jordan algebras of rank three provide 
examples of X{r + 1, 3, 3) that are not of Castelnuovo type. It is natural to try to produce 
some examples of X{r + 1, n, 2n — 3) not of Castelnuovo type for n > 3. 

We are aware essentially only of examples which are closely related to varieties 3- 
covered by twisted cubics. 

The Veronese manifold vz{V^) C P^^ is of course a X(3, 2, 3) but is also a X(3, 6, 9). 
Indeed, since is 6-covered by twisted cubics, it follows that V3(P^) is 6-covered by 
rational normal curves of degree 9. Of course, W3(P'^) is not of Castelnuovo type (since 
deg(w3(P'^)) = 27 whereas the degree of a Castelnuovo model X = X(3, 6,9) is 17). 
Now let a;i,X2,a;3 be three generic points on v^^iV'^). For / C {1,2,3} of cardinality 
J < 3, let Xj be the image of W3(P'^) by the osculating projection of center Si defined 
as the span of the 1 -osculating spaces of v^^iV^) at the points Xi with i E I. Then Xj is 
non-degenerate in pi^'^^t^ _ ^^-covered by rational normal curves of degree 9 — 2z 
hence is an example of X(3, 6 - i, 9 - 2i). When i = 3, one has X/ = P^ x P^ x P^ 
hence this example is not new. But for i = 1 and i ~ 2, one obtains respectively two new 
examples of X{3, 5, 7) and X{3, 4, 5) that are not of Castelnuovo type. 

5. Classification of projective varieties 3-covered by twisted cubics 

By definition 7f(r, 3,3) = 2r + 4 for every r > 1. In this Section we shall classify 
varieties X = X{r + 1,3,3) C p2''+3 for r small and/or under suitable hypothesis. 

Let us recall some facts, which were proved in the previous sections or which are easy 
consequences of them. 

Lemma 5.1. Let X = X{r + 1, 3, 3) C p2''+'l Then: 

(1) the tangential projection ttt ■ X from the tangent space T ~ T^X = 
Osc^ {x) at a general point x £ X is birational. In particular X is a rational 
variety, SX ~ p2' +3 ^ ^ cone. 

(2) The variety X C p2''+3 is not the birational projection from an external point of 
a variety X' C P2''+^. 

Proof. The family of twisted cubics passing through x is 2-covering and a general twisted 
cubic in this family projects from T onto a general line in P'"+i so that the birationality of 
ttt follows from Lemma lTTl and the first part is proved. 

Suppose that X = ■np{X') with p e p2'~+4 \ X' . Let Xi X,i = l,2, 3, be general 
points and let x[ E X' such that TTp{x'j^) = Xi for every i = 1, 2, 3. If C C X is the 
unique twisted cubic passing through xi,X2, xs and if C C X' is its strict transform on 
X', then C" is a rational curve passing through such that 7rp(C") = C, yielding 

dcg(C") = deg(C) = 3. This would imply X' = X{r + 1,3, 3) C 1?^^+*, and we would 
obtain 2r + 5 < 7f (r, 3, 3) = 2r + 4. This contradiction concludes the proof. □ 

By definition, there exists an irreducible family of twisted cubics, let us say S, contained 
in X = X{r+1, 3, 3) C p2''+3. Moreover, E has dimension 3r, is 3-covering and through 
three general points of X there passes a unique twisted cubic belonging to E. The family 
of twisted cubics in E passing through a general point x E X contains an irreducible 
component of dimension 2r which is 2-covering for X. These twisted cubics are mapped 
by TTT onto the lines in P' +i and a general line in P''+i is the image via ttt of a twisted 
cubic passing through x. The birational map 

(j) = TT-^ : P'^+i X C p2''+3 
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is thus given by a linear system of cubic hypersurfaces mapping a general line of P''+i 
birationally onto a twisted cubic passing through x. The general cubic hypersurface in this 
linear system is mapped by 4> birationally onto a general hyperplane section of X. 

Let tTj: : H = B\x{X) ^ X h& the blow-up of X at x and let E = W be the 
exceptional divisor ofifx- Let ttt ~ tTx o ttt : X P''"'"^. The restriction of ttt to E 
is defined by a linear system of quadric hypersurfaces in E' = P*", the so called 

second fundamental form of X at x. We shall denote by d E ~ the base locus 
scheme of\IIx,x \ ■ 

Since X C p2''+3 is non-degenerate, the birational map ttt is defined at the general 
point of E. We claim that E' = ttt\e{E) = P'' c P''+^ is a hyperplane and that the 
restriction of ttt to E is birational onto its image. Indeed, if dim(i?') < r, then a general 
line in P''+i would not cut E' and its image by would not pass through x. If deg(iJ') > 2, 
then a general line / C P' +i would cut E' at deg(i?') distinct points where (p is defined. 
From 4>{E') ^ x we would deduce that is singular at x, in contrast with the fact that 
(f)(1) is a twisted cubic. From this picture it also immediately follows the birationality of 
the restriction of ttt to E. 

Therefore dim(|//x,x|) = r and Tfx\E ■ E E' is a Cremona transformation not 
defined along B^, the base locus scheme of Moreover, since 4i{E') = x, the 

restriction of the linear system of cubic hypersurfaces defining to E' is constant and 
given by a cubic hypersurface C -E' = P'^. One can assume that E' C P''+^ is cut 
out by xq = 0. Let x = (xi, . . . , Xr+i) G C"''^ and let f{x) be a cubic equation for 
C E'. Let us choose homogeneous coordinates (yo : • • • : y2r+3) on p2''+3 ^nch that 
X = (0 : • • • : : 1) and = Viyo, . • . , y.+i). 

The map (p : P'"+i X C p2''+3 is given by 2r + 4 cubic polynomials go, ... , g2r+3- 
We can suppose that xq does not divide g2r+3 and that xq divides gj for every j = 
0, . . . , 2r + 2. Moreover Xq divides go, . . ■ gr+i since the hyperplane sections of the form 
^^0.90 + • • • + Xr+igr+i = correspond to hyperplane sections of X containing T^X 
and hence having at least a double point at x. Modulo a change of coordinates on P''+i 
we can thus suppose = XqXi for every i — 0, . . . ,r + 1 and that 52r+3 = xog + /, 
with g = g{x) quadratic polynomial. The hyperplane sections of X passing through x 
and not containing TxX are smooth at x from which it follows that we can also suppose 
gr+2+j = xofj with j = 0, . . . ,r and fj = fj{x) quadratic polynomials. By Lemma 
IS.ll we can also suppose g = 0, or equivalently g E (/o, . . . , /, ). Otherwise X C p2''+3 
would be the birational projection on the hyperplane V{y2r+4) = P^''+'^ C p2''+4 from 
the external point (0 : . . . : : 1 : -1) G p2'-+4 of the variety X' C p2'-+4 having the 
parametrization (/> : X' C p2''+4 given by the following homogenous cubic 

polynomials: = 5^ for i = 0, . . . , 2r + 2; g2r+3 = xog and g2r+4 = /■ 

By blowing-up the point x on p2'"+3 it immediately follows that the restriction of 
to E' is given by (/o : • • • : fr). Hence ■= t^t\e ■ E E' is either a projective 
transformation or a Cremona transformation of type (2, 2), i.e. given by quadratic forms 
without a common factor and such that the inverse is also given by quadratic forms without 
a common factor. In conclusion we can suppose that the rational map (f> is given by the 
2r + 4 cubic polynomials 

(5.1) xl,xlxi,. . . ,xlxr+l,Xofo, . . .,Xofr, f 

and that the base locus of ip^^' B'^ CF^ — E', is V{fo, . . . , fr) C P*", where in this case 
the polynomials fi{x) are considered as polynomials in the variables xi, . . . , Xr+i. 

Let txX denote the affine tangent space to X at x. The first principal result in this 
section is the following. 

Theorem 5.2. Let X = X{r + 1, 3, 3) C p2'"+3 and let notation be as above. Let x <E X 
be general and let ijjx ■ P'^ be the associated Cremona transformation. Then the 

following conditions are equivalent: 
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(a) is equivalent to a projective transformation as a birational map; 

(b) X is projectively equivalent either to 5*1. ..122 or to S'i...ii3; 

(c) the affine parametrization deduced from ( 15. Il l is, respectively, either 




or 



{l:xi: 



: Xr+i : Xi,xiX2 : 



: XiXr+l 




(d) the projection from T — T^X of a general twisted cubic included in X is a conic. 

If X ~ X(r + 1,3,3) C p2'"+3 Q rational normal scroll as above, then: 

(1) the associated Cremona transformation ipx is of type (2, 2); 

(2) the linear system defining (j) : P'"+i X C p2''+3 consists of the cubic hyper- 
surfaces in P''+i having double points along B'^. <Z E' <Z P''^^; 

(3) the scheme C P'^ is equal (as scheme) to Cx C P*^, the Hilbert scheme 
of lines contained in X and passing through x in its natural embedding into 
E = T{{txX)*). Moreover, B'x C E' ^ V and Bx ^ Cx C E ^ P'' are 
projectively equivalent so that tpx ond its inverse have the same base loci, modulo 
this identification. 

(4) if X is also smooth, then Bx — Cx and B'x are smooth schemes. 

Proof. The birational map ij^x is equivalent to a projective transformation as a birational 
map if and only if the linear system |//x,a:| has a fixed component, which is necessarily 
a hyperplane. It is well known, see also 1291 (3.21)], that this happens if and only if 
X C p2''+3 is a scroll in the classical sense. From Lemma lSTTl we deduce that this happens 
if and only if X C p2''+3 is a smooth rational normal scroll, yielding the equivalence of 
(a) and (b). If X C p2''+3 is a rational normal scroll as before, a general twisted cubic 
C d X cuts ¥1 = TxX n X in a point so that tttCC) = C C is a conic cutting 

E' in two points, possibly coincident. These two points are contained in the base locus of 
tj) and one of this point is double for the general cubic hypersurface in the linear system 
defining ■0 since ■(/'(C) = C is a twisted cubic. From this we deduce that ^^x consists of 
a double hyperplane 11 C £", which is exactly B'x, and of another hyperplane, possibly 
infinitely near to 11. By reversing the construction we see that if TTriC) = C is a conic, 
then is as before and the general cubic hypersurface defining has a double point along 
a hyperplane 11 C E' , which is easily seen to be equal to B'^, yielding that X C p2''+3 
is a scroll. Therefore also the equivalence of (b) and (d) is proved. If we suppose that 
B'x ~ p*"-! c E' is given by a-Q = a;i = and if we take into account the previous 
description we immediately deduce the equivalence between (c) and (d). 

Suppose from now on that X = X(r + l,3,3)c p2'"+3 is not a rational normal scroll 
so that by the previous part the associated Cremona map ijjx is of type (2, 2), proving (1). 

By the discussion above on P''+i \ E' the map (j) has an affine expression 



Let (j/o : • • • : 2/2r+3) be a system of homogeneous coordinates on p^^'+s as above. 
Then the equations defining X C P^^'+a in the affine space A^''^^ = P^^'+s \ V"(2;o) are 
Tji = x„i = l,...,r + 1; yr+2+j = fjix), j = 0, . . . , r and y2r+3 = f{x), that is, 
letting y = {yi, . . . , y^+i), we get the equations yr+2+j = fj{y) for j = 0, . . . , r and 
y2r+3 = f{y)- 

Letp = 0(1 ; p) = (1 : p : /o(p) : ••• : fr{p) ■ f{p)) be a general point of 
X, with p = (pi, . . . ,Pr+i) G C"*"^. In particular (0 : p) is a general point on E' . A 
tangent direction at p e X corresponds to the image via of the tangent direction to 
some line passing through q = (1 : p) e P''+^. We shall parametrize lines through q via 
points (0 : y) e E' so that such a line, denoted by Ly, admits t p + <y as an affine 



(l){x) = (1 : xi 



: • • • : Xr+i : fo{x) fr{x) : f{x)). 
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parametrization. Then for i = 0, . . . ,r, one has 

(5.2) Mp + ty) = f,{p) + 2tfl{p, y) + ff,{y), 

where f} stands for the bihnear form associated to the quadratic form fi. Moreover 

(5.3) /(p + ty) = fip) + tf{p, y) + t^f{y,p) + t^f{y), 

where /(p, y) = dfp{y) is quadratic in p and linear in y. 

Clearly, the base locus of the second fundamental form atp ~ : p) is the scheme 

Bp = V{fo{y). fr{y), f{y,p)) = V{h{y), Uv)) c P((ipX)*), 

where the second equality of schemes follows from the equality dim(< /o, . . . , /r > 
) = r + 1 combined with the fact that dim(|//jf p|) = dim(|//x,2;|) by the generality of 
p <S X. In particular we deduce that for z £ Bp we have f{z,p) ~ 0. Because (0 : p) 
is general in E', this implies dfz = (since f{z,p) = dfz{p) for every p) on one hand, 
and gives f{z) = on the other hand (since = f{z,z) = 8/(2;) after specializing 
p = z). The previous facts show that the cubic '^^'^ = V{f{x)) C P'+i has double 
points along B'^ and part (2) is proved. From these facts it immediately follows also that 
the closure of the image of the line Lz (for z e Bp) via the map is a line included 
in X and passing through p, proving (3). Put more intrinsically, the equation of Cp, the 
Hilbert scheme of lines contained in X and passing through p in its natural embedding into 
V{{tpX)*), is the scheme defined by the equations fj{x),f{x,p), f{x) and we proved 
that the ideal generated by these polynomials coincides with the ideal generated by the 
fj 's which defines Bp as a scheme. 

To prove (4) we recall that for a smooth variety X C the scheme Cx C P{{txX)*), 
when non-empty, is a smooth scheme for x G X general, see for example ll53l Proposition 
2.2]. □ 

Let 

be a Cremona transformation of bidegree (2, 2). Let B, respectively B', be the base locus 
of (f, respectively of Lp~^. The classification of such maps is known for r = 2, r = 3 (see 
PTl ) and for r = 4 in the generic case (see II6OI ). From this classification one deduces 
that in low dimension the base loci B and B' are projectively equivalent so that, modulo a 
projective transformation, every Cremona transformation of bidegree (2, 2) in P'', r < 4, 
is an involution. As a consequence of Theorem 15.21 we deduce below that this holds for 
arbitrary r > 2 a priori and not as a consequence of the classification. As far we know, this 
question has not been addressed in the literature. 

Corollary 5.3. Let tp = (ipo, . . . , ipr) : P'^ P'' be a Cremona transformation of 
bidegree (2, 2) with r > 2. Let B, respectively B' , be the base locus of ip, respectively of 
ifi^^. Then B and B' are projectively equivalent. 

Proof Consider TTi : B1b(P'^) P^ the blow-up of P*^ along B and tts : B1b.(P'^) P^ 
the blow-up of P'' along B'. We deduce the following diagram of birational maps: 

(5.4) B1b(P'') = BW(P'') C P'' X P'' 



where tt^ are naturally identified with the restriction of the projections on each factor The 
equality B1b(P'') = B1b'(P''), from now on indicated with P*", follows from the fact that 
these reduced and irreducible schemes are the closure of the graph of the maps ip and (p^^ 
inside P^ x P''. 
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Let El = TT]^ ^{B) and E2 = 1^2 ^(^') be the tt; -exceptional Cartier divisors, i = 1, 2, 
defined by the invertible sheaves ttj^^Ib • Op^, respectively 712^13' ■ Op^. Let G 
|7r*(0(l))| for i = 1, 2. We have 

(5.5) H2 - 2iJi - £^1 and Hi - 2iJ2 - E2 
from which we deduce 

(5.6) Ei^3H2-2E2 and E2^3Hi~2Ei. 

Let a; = (xi : . . . : x^+i) be homogeneous coordinates in P*", which we shall consider 
as the hyperplane V{xo) on f>^+^ with homogeneous coordinates {xq : xi : ■ ■ ■ : Xr+i)- 
Let Ci = TTiiE2) = V{n{x)) C P'' and let C2 = ^Ei) = V{n{x)). By the above 
description Ci C P*^ is a cubic hypersurface singular along B, that is the partial derivatives 
of n{x) also belong to the homogeneous saturated ideal Ib C C[xi, . . . , Xr+i]- One also 
immediately proves that Ci is the so called secant scheme of B, that is the scheme defined 
by the image of the universal family of lines in p2»'+3 over the lines generated by length 2 
subschemes of B. From this one deduces another proof that Ci is singular along B. 

The map ; P''+i --^ P^'^+s given by 

0(2:0, a;) = {xl : xlxi : • • • : xlxr+i : Xoipo{x) : • • • : XQiprix) : n{x)) 

is birational onto the closure of its image X C p2''+3. We claim that X = X{r + 1, 3, 3) so 
that the conclusion will follow from part (3) of Theorem l5.2l Indeed let pi,P2,P3 G P''+i 
be three general points, letll — {pi,P2,P3) be the plane they span and let L — V{xo)r\Il. 
Then L C V{xo) = P*" is a general line so that ip{L) = C is a conic in P*" cutting B' in 
a length three scheme R' spanning a plane If. Then (p^^(Il') = 11 is a plane containing 
L and cutting B in a length three scheme R spanning 11. Then < pi,P2,P3, R >~ 
and through the length six scheme pi U p2 U p^ U R there passes a unique twisted cubic 
C. Then <j>{C) is a twisted cubic since the linear systems defining consists of cubic 
hypersurfaces having double points along B and it passes through the three general points 

cj>{pi),<P{p2),(f>{p3) □ 

Let the notation be as above. Then, modulo composition to the left by a linear map, one 
can assume that B = B' . This implies in particular that there exist (, E End(C''+^) such 
that ip~^ = £ o (p. Thus there exists a cubic form n{x) such that 

(5.7) £ o (f o (p[x) ^ n{x)x 

for every x = {xi, . . . £ C^^. 

In substance. Theorem [52] and the construction in Corollary [53] say that every X{r + 
1,3,3) not of Caste Inuovo type determines (and is determined by) a quadro-quadric Cre- 
mona transformation. We point out that the previous remark has the following interesting 
geometric consequence. 

Corollary 5.4. Let X = X{r + 1,3,3) C P^^'+s. Then X is a variety with one apparent 
double point, that is there passes a unique secant line to X through a general point q G 

p2r+3 

Proof. Let notation be as above and let q ~ {1 : q : q' : z) G p'^r+3 ^ fixed general 
point, where q, q' € C""*"^ and z S C* by generality of q. Moreover, we can also suppose 
that all the pairs of distinct points Pi,P2 G X such that q G {pi,P2) are of the form 
Pi = [1 : Xi : x'^ : n{xi)) with Xi G C"*"^ for i = 1,2. We shall essentially argue as in 
ifTSl Proposition 8.4] (see also BOl Proposition 8.16]). Modulo a translation in we 
can suppose without loss of generality that q = 0, that n{q') 7^ and thatpj = (1 : Xi : 
(p{xi) : n{xi)) £ X, i = 1,2, are two distinct points such that q E {pi,p2). We have to 
show that the equation 

q = \pi+ fip2 
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has uniquely determined solutions. The above equation splits into the following four: 

(5.8) A + /i = 1, X2 = ——Xi, ip{xi) = ^q' and n{xi) = ——^ — —z. 

fi A A(/i — Aj 

Thus relation ( 15.71 ) implies 

n{xi)xi = {£ o ip){(p{xi)) = -j^iio ip){q') 

so that 

a;i = ^^(^o<^)(q') and X2 = ^^{i o ^){q'). 

\z fiZ 

We deduce that pi,p2 G X aie uniquely determined by q as soon as we show that {X,fi) 
are uniquely determined by this point. Since A + = 1, we shall prove that A/i is uniquely 
determined. 

From relation ( 15.7b . it follows that there exists a cubic form m such that ipo £o (p{y) = 
m{y)y for every y E C''+^. This yields m{(p{x)) = n{x)'^ for every x. Applying m to 
(p{xi) = jq' we deduce n{xi)'^ = p-m(q'). Combining this with the last relation in 
(15.8b and remarking that (/i — A)^ = 1 — 4 A/i (since A + /i = 1), we finally get 

z2 + 4m(q') ' 

concluding the proof. □ 



Remark 5.5. Following a classical approach of Bronowski, see 18], it was proved in ifTSl 
that an irreducible variety X C p2''+3 with one apparent double point (OADP variety) 
projects birationally onto P''+i from a general tangent space T ~ T^X, see also |[T6l 
for generalizations. Letting notation be as in the discussion before Theorem 15.21 then 
ttt{E) = E' C P''+i is hypersurface of degree d = deg{E') > 1, which is a birational 
projection of the quadratic Veronese embedding of P*". In particular 1 < < 2*". In 
IfTTl Theorem 5.3] it is proved that for normal OADP varieties having d ~ dcg(£") = 1, 
not scrolls over a curve, the birational map n^^^ : P''+i X C p2'"+3 is given by a 
linear system of cubics hypersurfaces having double points along the base locus of the 
quadro-quadric Cremona transformation t^j^^^ : E' --^ E. In particular this class of 
normal OADP varieties is contained in the class of X ^ X{r + 1,3,3) C p2''+3 so 
that the subsequent classification results of X{r + 1,3, 3)'s of different kind or dimension 
can be reformulated for the above class of normal varieties, see ifTTl . Conjecturally every 
X{r+1,3,3) should be projectively equivalent to a Xj C p2''+3^ see discussion in Remark 
15. 131 below. The known examples of twisted cubics over cubic comples Jordan algebras 
are normal varieties even if we are not aware of a general proof of this fact and neither of 
the fact that a X{r + 1, 3, 3) is a priori normal. If these were true, one would deduce a 
one to one correspondence between normal OADP varieties with d = deg{E') = 1 and 
X{r + 1,3,3) and also probably with twisted cubic over Jordan algebras. 

Cremona transformations have been studied since a long time and several classification 
results have been obtained, especially for quadro-quadric transformations. These classifi- 
cations can be used to describe all the X{r + 1, 3, 3) in low dimension or under suitable 
hypothesis. We shall begin by recalling some easy results on Cremona transformations 
of type (2, 2) having smooth base loci, see also ll20l and 1531 Section 4] for the study of 
related objects. 

Proposition 5.6. Let ip : P'' P*" be a Cremona transformation of type (2, 2) whose 
base locus B dV is smooth. Then one of the following holds: 

(1) r > 2, B ~ Q'^^^Jlpwith Q^'^^ a smooth quadric hypersurface and p ^ {Q^^'^); 
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(2) r = 5 and B is projectively equivalent to the Veronese surface vi (P^); 
{3) r = 8 and B is projectively equivalent to the Segre variety x P^; 

(4) r = 14 and B is projectively equivalent to the Grassmann variety G2(C^); 

(5) r = 26 and B is projectively equivalent to the 16-dimensional Eq variety. 

Proof. Let notation be as in the proof of Corollary 15. 3 1 Let Bi, . . . , Bg he the irreducible 
components of B and let B[, . . . , B'^. be the irreducible components of B' . It is easy to see 
that the general quadric hypersurface defining (p is smooth at every point of B. 

The smoothness of B ensures that Bj n = for every j I so that P'' is smooth 
and naturally isomorphic to the successive blow-up of the Bi's in some order In particular 
s = t (see also Corollarv l5.3l ). 

Let = Tr^\Bi) and let E'^ = Tr^\B[). Let Hj = Tr*{H) with j = 1, 2 and with 

C P' a hyperplane. We have the following linear equivalence relation of divisors on P*", 
see proof of Corollary [53) 

Ei + --- + Es^3H2- 2{E[ + --- + E'J 

and 

E[ + --- + E',^3Hi- 2{Ei + ■■■ + Es). 
Thus the scheme-theoretic images tt2{Ei + ■ ■ ■ + Eg) and tti {E[ + ■ ■ ■ + E'^) have degree 
3, yielding s < 3. 

Suppose s = 3. Then dcg(7r2(£'i)) = dcg{TTi{E'^)) = 1 for every i = 1, 2, 3 so that 
Bi and B'^ are a linearly embedded P'"^^ gjjjQg ^jjg intersection of two distinct hyperplanes 
TTi{E^), respectively TT2{Ei), is contained in the base locus. The smoothness of a general 
quadric defining ip along each Bi = p^-'^ implies r — 2 < that is r < 3. Thus 
necessarily r = 2 since /i"(Is(2)) = r + 1 and we are in case (1). 

If s = 2, we can suppose deg(7ri(iJ()) = 2 and deg(7ri(i?2)) = 1. Thus the quadric 
Tri{E[) n 7ri(£^2) irreducible component, let us say Bi, of B. The birationality of 
tp implies h°[lB{2)) = r + 1. Since /i"(Ib(2)) < h°{lB^{2)) = r + 2, we see that B2 
consists of only one point and we are in case (1). 

If s = 1, the above diagram ( I5.4l i shows that for general g G tti {E[) \ B there exists a 
linear space Pg ^ dim(s ) p^^^jj^g through q and cutting X along a quadric hypersurface of 
dimension r - 2 - dim(B). If (p{q) ^ q', then naturally P'-i-dim(i3') ^ ^((Nb' /pr)*). 
This immediately implies that tti{E[) is the variety of secant lines to B and that B C 
P"" is a QE'L-manifold of type S{B) = i dim(S), see 1531 Proposition 4.2]. Indeed, 
r-2-dim(B) ^ S{B) = 2 dim(B) + 1 - dim(7ri (£;;)) yields dim(B) = |(r-2),see 
also the computations in |20|. Thus S C P*" is a QSL-manifold and also a Severi variety 
in the sense of Zak. The classification of Severi varieties due to Zak, see |[68l and also Il53l 
Corollary 3.2], assures that we are in one of the cases (3)— (6). CH 

The classification of arbitrary X{r + 1,3,3) C p2'"+3 is difficult due to the existence of 
a lot of singular examples. By Theorem l5.2l and Corollary |53] this classification is closely 
related to that of all Cremona involutions of type (2, 2) on P*" and also to the classification 
of arbitrary complex cubic Jordan algebras of dimension r+1. On the contrary for smooth 
X{r + 1, 3, 3)'s a complete classification is possible due to Proposition 15.61 and Theorem 

El 

Theorem 5.7. Let X = X(r + 1, 3, 3) C P^^'+a be smooth. Then one of the following 
holds, modulo projective equivalence: 
(i) X is either S'i...i22 or S'i...ii3; 

( ii) X is the Segre embedding P^ x C p2''+3 with a smooth hyperquadric; 
(Hi) r = 5 and X is the Lagrangian Grassmannian LG^{'C^) C P^'^; 

(iv) r = 8 and X is the Grassmannian G^{'C^) C P^^; 

(v) r = 14 and X is the Orthogonal Grassmannian OGq{C^'^) C P'^^; 
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( r = 26 and X is the Ej— variety in P^^. 

Proof. If the associated Cremona transformation is equivalent to a projective transforma- 
tion we are in case (i) by Theorem l5.2l Otherwise, by Theorem l5.2l the associated Cremona 
transformation ijjx is of type (2, 2) with smooth base locus. Let : P''+i --^ X C p2''+3 
be the birational representation of X given by the linear system of cubic hypersurfaces 
having double points along B'^. Then B'^ is projectively equivalent to a variety as in cases 
(l)-(5) of Proposition 15 . 61 so that X is as in cases (ii)-(vi) by a well known description of 
the corresponding varieties, see for example 1381 [39l l46l . □ 

Now we apply the classification of quadro-quadric Cremona transformations in low 
dimension to deduce the corresponding classification for varieties 3-covered by twisted 
cubics. For instance, since every birational map Lp -.V^ P^ is equivalent to a projective 
transformation, one immediately deduces that a surface X{2, 3, 3) C P^ is necessarily of 
Castelnuovo type, namely it is one of the scrolls 6*13 or 5*22- Then, by projecting from 
TO — 3 general points, one gets the following result: 

Corollary 5.8. Let X = X{2,m,m) C P'"+2^ to > 3. Then X is projectively equivalent 
to a smooth rational normal scroll of degree to + 1. 

The classification of birational maps of degree 2 on P^ is classical, easy and well known. 
From this we shall immediately deduce the classification of arbitrary X{Z, 3, 3) C P^. 

Corollary 5.9. Let X = X(3, 3, 3) C P^. Then X is projectively equivalent to 

(1) a smooth rational normal scroll of degree 5, that is 5*113 or S122; or 

(2) the variety P^ x C P*" where C P'^ is an irreducible quadric; or 

(3) the normal del Pezzo 3 -fold obtained as the image ofV^ by the linear system of 
cubic surfaces having three infinitely near double points or equivalently described 
as the twisted cubic over the Jordan algebra A3 of Theorem \4.12\ and admitting 
the parametrization ( 14.^1 ). 

Proof. If : P^ - -> P-^ is equivalent to a projective transformation, then we are in case 
(1) by Proposition 15.21 Otherwise t/i^ : P^ P^ is a Cremona transformation of type 
(2, 2). If il^x is the ordinary quadratic transformation, then the cubic surfaces defining 
: P-^ X C P^ have three double distinct points at the indeterminacy points of so 
that this linear system coincides with the complete linear system of cubic surfaces having 
these three double points. In this case X C P'^ is projectively equivalent to the Segre 
embedding of P^ x with a smooth quadric surface, see also Theorem l5.7l 

If V'a: has two infinitely near base points and another base point, reasoning as above we 
have that X C P^ is projectively equivalent to the Segre embedding of P^ x 5*02. 

If has three infinitely near base points, then is given by a linear system of cubic 
surfaces having three infinitely near double points and we are in case (3). □ 

Using the last result, we can now classify irreducible 3-folds X = X(3, m, m) C P'"+* 
for every to > 4. If m > 4, by projecting from m — 3 general points we get an irreducible 
3-fold Xm-7i C P^ which is 3-covered by twisted cubics. If Xm-^ is a smooth rational 
normal scroll of degree 5, then X C P'"+4 is a smooth rational normal scroll of degree 
TO + 2. If X„_3 C P'^ is a 3-fold as in Corollary |521 then X C P'"+'* would be a normal 
del Pezzo 3-fold of degree 6 + to — 3 = to + 3 > 7, which is Unearly normal. Moreover 
since S'X„_3 = P^ we deduce dim(S'X) = 7. The normal del Pezzo 3-folds X C P^^^ 
of degree to + 3, to > 4, are smooth and with dim(S'X) = 6, see IZSl . In conclusion we 
have proved the following result: 

Corollary 5.10. Let X = X(3, to, to) C P™+4 with to > 4. Then X is a smooth rational 
normal scroll of degree m + 2. 
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Also the classification of quadratic Cremona transformation on P'^ is known. By com- 
paring Tableau 1 in 1471 and Table 2 above one obtains the following result. 

Theorem 5.11. Let ip : P"^ P'^ be a Cremona transformation of bidegree (2, 2), not 
equivalent to a projective transformation. Then up to composition to the right and to the left 
by linear automorphisms, ^ can be assumed to be one of the seven quadratic involutions 
X i-> x"^ defining the adjoint of one of the seven cubic Jordan algebras on C'* described in 
Section \4.4.2\ ( see Table 2 for explicit formulae). 

From Theorem lS.lll . it follows immediately the 

Corollary 5.12. Let X = X(4, 3, 3) C P^. Then X is projectively equivalent to one of 
the following varieties: 

(1) a smooth rational normal scroll of degree 6, that is Sm^ or 51122,' or 

(2) a cubic curve over one of the seven Jordan algebras in Table 2. 

Remark 5.13. The varieties appearing in Theorem 15. 71 are also particular examples of 
smooth Legendrian varieties, see PH for definitions, some related results and references. 
They are also interesting examples of smooth varieties with one apparent double point 
defined before by Corollary [531 see also 1461 and ITSl . 

The class of Cremona transformations ip : P"" P*" of type (2, 2) arising from two 
different birational projections from one point of an irreducible quadric hypersurface 
will be called elementary quadratic transformations, that is if tti : P'' and if 7r2 : 

---> P'^ are the two projections we have ip = 7r2 ottJ"^. The well known classification of 
plane quadratic Cremona transformations and the results of Theorem lS.l ll sav that for r < 
3 every Cremona transformation of type (2,2) is an elementary quadratic transformation. 
These examples yield varieties X{r + 1, 3, 3) C p2''+3^ not rational normal scrolls, which 
are either the Segre embedding of P^ x Q*" or projective degenerations of them when some 
base point becomes infinitely near. 

There is an interesting approach to Jordan algebras developed by T. A. Springer IMl 
Section 1.27] and based on j-structures and indirectly also on the so called Hua's iden- 
tities, see l44l . These results and our geometrical treatment yield the following conse- 
quence, probably well known to the experts: two twisted cubic curves over Jordan algebras 
Xjj. C p2'"+3, i = 1, 2, are projectively equivalent if and only if Ji and J2 are isomorphic 
Jordan algebras. 

In particular in Theorem l5.7l Corollarv l5.9l and Corollarv l5.12l we obtained geometrical 
proofs of the classification of all cubic Jordan algebras J such that the associated twisted 
cubic Xj C p2''+3 is respectively smooth, of dimension 3, of dimension 4. 

Based on the results of Theorem l5.2l of the construction in the proof of Corollarv l5.3l of 
Theoi'em l5.7l of Corollarv l5.9l and of Coi'ollarv l5.12l one could ask the following question: 
Is a X[r + 1, 3, 3) C p2'"+3 not of Castelnuovo type projectively equiv- 
alent to a twisted cubic C p2'"+3 for some cubic Jordan algebra J of 
dimension r -\- 1? 

We conjecture that the answer to the previous question is affirmative. In other terms, we 
conjecture that the following a priori unrelated mathematical objects in fact coincide: 

• varieties X{r + 1, 3, 3) C p2''+3^ up to projective equivalence; 

• cubic Jordan algebras of dimension r + 1, up to isomorphism; 

• quadro-quadratic Cremona transformations of P*", up to linear equivalence. 

In ||9], see also l60l and f66|, a classification of quadro-quadric Cremona transforma- 
tions in P^ is obtained. This immediately yields also the classification of X{h, 3, 3) C P^^ 
and provides an affirmative answer to the above conjecture also for r = 4. We refrain 
from listing this classification and we shall probably come back in a future paper, l50ll . on 
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the beautiful relations between the above apparently unrelated objects, trying to develop 
further the classification results and the connections among these areas. 
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